Abstract. In this paper we give some necessary and sufficient characterizations for weak exponential instability of evolution operators. Variants for the classical results due to Datko and Lyapunov are obtained.
Notions and preliminaries
The stability theory has reached a considerable degree of maturity. In contrast with this, we do not yet know a coherent theory of unstable manifolds, even if in recent years new concepts of instability have been introduced and studied in [3] , [12] , [13] , [14] , [15] and [17] .
The aim of this paper is to give necessary and sufficient conditions for the concept of weak exponential instability introduced in [9] .
First, we prove continuous and discrete variants for weak exponential instability of a well-known result from the stability theory due to R. Datko ([5] ) and generalized by A. Ichikawa ([7] ), van Neerven ( [16] ) and A. Pazy [18] ).
Our main objective is to propose a Lyapunov type equation to study the existence of weak exponential instability for evolution operators in Banach spaces.
The classical theorem of A.M. Lyapunov states that if A is a n × n complex matrix then A has all its characteristic roots lying in the half plane Rez < 0 if and only if the matrix equation A * B + BA = −I has a unique solution which is a positive definite Hermitian matrix.
This result was extended by R. Datko ([4] ) for the case of C 0 -semigroups in the following sense: Theorem 1.1. A C 0 -semigroup on a complex Hilbert space X is uniformly exponentially stable if and only if there is an operator B ∈ B(X) with B * = B and B ≥ 0 such that
where A denotes the infinitesimal generator of the C 0 -semigroup.
Other Lyapunov type characterizations were obtained in [1] , [2] , [6] , [8] , [19] and [20] . We remark that these results hold in finite or infinite dimensional Hilbert spaces. In this paper we extend this results in two direction. First, we consider the case of weak exponential instability and second, our approach is true even in Banach spaces.
Throughout this paper we will assume that X is a Banach space and B(X) is the Banach algebra of all linear and bounded operators acting on X.
We denote by T = {(t, s) ∈ R 2 + : t ≥ s}. Definition 1.2. An application U : T −→ B (X) is called evolution operator if it has the following properties: e1) U (t, t) = I (the identity on X ), for every t ≥ 0;
is continuous.
3. An evolution operator is said to be with exponential decay if there are M ≥ 1 and ω > 0 such that
Let as first recall the definition for uniform exponential instability of evolution operators. 
Remark 1.5. It is obvious that an evolution operator U is uniformly exponentially unstable iff there are N ≥ 1 and ν > 0 such that
for (t, s), (s, t 0 ) ∈ T and x 0 ∈ X. This means that the orbit U (·, t 0 )x 0 is uniformly exponentially unstable, for all initial data (t 0 , x 0 ) ∈ R + × X.
The uniform exponential instability was generalized in a nonuniform way in [13] as follows: Definition 1.6. An evolution operator U : T −→ B(X) is said to be non-uniformly exponentially unstable if there are N : R + −→ [1, ∞) and ν > 0 such that
A particular concept of the nonuniform exponential instability was considered by L. Barreira and C. Valls in [1] or [2] as a part of nonuniform exponential dichotomy. Definition 1.7. We say that the evolution operator U : T −→ B(X) admits exponential instability if there are N ≥ 1, α ≥ 0 and ν > 0 such that
Remark 1.8. In generally, if U is a non-uniformly exponentially unstable evolution operator, does not follows that U is exponentially unstable. To show this we consider the following example:
be a continuous function with the properties u n + 1 n = e n 2 and u(n) = 1, for all n ∈ N * . The evolution operator U defined by
is non-uniformly exponentially unstable and it is not exponentially unstable.
Proof. It is obvious that
x 0 , for all (t, t 0 , x 0 ) ∈ T × X. Therefore, U is non-uniformly exponentially unstable. If we suppose that U is exponentially unstable, we have that there are N ≥ 1, α ≥ 0 and ν > 0 with
In particular, for t = n + 1 n , t 0 = n, n ∈ N * and x 0 ∈ X with x 0 = 1 we obtain N e α(n+
n ≥ e ν n e n 2 , ∀ n ∈ N * , which is false. Hence, U is not exponentially unstable.
In our opinion, the generalizations for uniform exponential instability considered in Definitions 1.6 and 1.7 are too strong. We sustain this idee by giving the following example: Example 1.10. The evolution operator on a Banach space X considered by
is exponentially stable (in the sense of Definition 2.1 from [15] ) and also is exponentially unstable.
Proof. Indeed, we have
which proves that U is exponentially unstable.
In this paper, we propose another type of generalization for uniform exponential instability in the following sense: Definition 1.11. An evolution operator U is said to be weakly exponentially unstable if there are N ≥ 1 and ν > 0 such that for each x 0 ∈ X there is t 0 = t 0 (x 0 ) ≥ 0 with the property
The concept of weak exponential instability is the corespondent for the case of weak exponential stability introduced in [10] . We remark that this one is more general than the individual instability ( the corespondent for the individual stability from [21] ). Remark 1.12. If the evolution operator U is uniformly exponentially unstable then it is weakly exponentially unstable.
The following example shows that the converse is not valid. Example 1.13. Let X = R 2 with the euclidian norm. The evolution operator
where
is weakly exponentially unstable, but it is not uniformly exponentially unstable.
Proof. For each x 0 ∈ R 2 there is r 0 ≥ 0 and t 0 ∈ [0, 2π) such that x 0 = (r 0 cos t 0 , r 0 sin t 0 ).
A simple calculation shows that U (t, t 0 )x 0 = (r 0 e t−t0 cos t, r 0 e t−t0 sin t) and so
for all t ≥ s ≥ t 0 , thus U is weakly exponentially unstable. On the other hand, for x 0 = (− sin t 0 , cos t 0 ) we obtain U (t, t 0 )x 0 = (−e −(t−t0) sin t, e −(t−t0) cos t).
From this it follows that
which proves that U is not uniformly exponentially unstable.
Next proposition may be regarded as an equivalent definition for the concept of weak exponential instability. Proposition 1.14. An evolution operator U : T −→ B(X) is weakly exponentially unstable if and only if there is a nondecreasing function f : R + −→ (0, ∞) with lim t→∞ f (t) = +∞ such that for each x 0 ∈ X there is t 0 ≥ 0 with the property
Proof. Necessity is a simple verification for f (t) = For each t ≥ s ≥ t 0 there are n ∈ N and r ∈ [0, c) such that t = s + nc + r. Successively, we obtain
for all t ≥ s ≥ t 0 , which proves that U is weakly exponentially unstable.
The main results
A characterization of weak exponential instability is given by Theorem 2.1. Let U : T −→ B(X) be an evolution operator with exponential decay. Then U is weakly exponentially unstable if and only if there are p ≥ 1 and K > 0 such that for each x 0 ∈ X there is t 0 ≥ 0 with
for all t ≥ t 0 .
Proof. Necessity. For p ≥ 1 and K = N p νp > 0, where N ≥ 1 and ν > 0 are given by Definition 1.11 we have that for every x 0 ∈ X there is t 0 ≥ 0 such that
Sufficiency. We suppose that there are p ≥ 1 and K > 0 such that for every x 0 ∈ X exists t 0 ≥ 0 satisfying relation (2.1). Let t ≥ s ≥ t 0 . If t ≥ s + 1 we have
where L = min
for all t ≥ s ≥ t 0 . From Proposition 1.14 we conclude that U is weakly exponentially unstable.
Remark 2.2. Theorem 2.1 can be considered a version for the case of weak exponential instability of a well-known result due to R. Datko ([5] ).
In the following corollary we give a discrete version of the previous theorem.
Corollary 2.3. Let U : T −→ B(X) be an evolution operator with exponential decay. Then U is weakly exponentially unstable if and only if there are p ≥ 1 and K > 0 such that for each x 0 ∈ X there is t 0 ≥ 0 with
2)
Proof. Necessity. From Definition 1.11 we have that there are N ≥ 1 and ν > 0 with the property that for every x 0 ∈ X there is t 0 ≥ 0 such that
for all t ≥ t 0 , where p ≥ 1 is fixed and K = Sufficiency. Let p ≥ 1 and K > 0 with the property that for every x 0 ∈ X there is t 0 ≥ 0 such that (2.2) hold. This implies
Applying Theorem 2.1 we deduce that U is weakly exponentially unstable.
4. An application L : T × X −→ R is said a Lyapunov function for the evolution operator U if for each x 0 ∈ X there is t 0 ≥ 0 such that L is a solution of the Lyapunov equation
In the following, we study the weak exponential instability for evolution operators U in terms of the existence of a Lyapunov function for U . for all t ≥ t 0 . By Theorem 2.1 we obtain that U is weakly exponentially unstable.
Remark 2.6. The preceding theorem is an extension for the case of weak exponential instability of a result due to M. Megan and C. Buşe in [11] .
